Abstract. We present the τ -functions for the hypergeometric solutions to the q-Painlevé system of type E
Introduction
A natural framework for discrete Painlevé equations by means of the geometry of rational surfaces has been proposed by Sakai [17] . Each equation is defined by the group of Cremona transformations on a family of surfaces obtained by blowing-up at nine points on P 2 . According to the types of rational surfaces, the discrete Painlevé equations are classified in terms of affine root systems. Also, their symmetries are described by means of affine Weyl groups, the lattice part of which gives rise to difference equations. For instance, the q-Painlevé system of type E (1) 7 , which is the main object of this paper, is a discrete dynamical system defined on a family of rational surfaces parameterized by nine-point configurations on P 2 such that six points among them are on a conic and other three are on a line [17] . An explicit expression for the system of q-difference equations is given by [15] (f g − tt)(f g − t 2 ) (f g − 1)(f g − 1)
equations [9, 10] . In particular, the Riccati solution to the system of q-difference equations (1.1) is expressed in terms of the q-hypergeometric series (1 − aq i ).
The purposes of this paper are to propose a formulation for the q-Painlevé system of type E by means of the lattice τ -functions and to completely determine the τ -functions for the hypergeometric solutions (hypergeometric τ -functions for short) of the system. This paper is organized as follows. In Section 2, we give a formulation for the q-Painlvé system of type E (1) 7 in terms of the lattice τ -functions. Section 3 is devoted to a preparation for constructing the hypergeometric τ -functions. We decompose the lattice, each of whose elements indicates the τ -function, into a family of six-dimensional lattices.
In Sections 4-6, we construct the hypergeometric τ -functions. We find that a q-analogue of the double gamma function appears as a normalization factor of the hypergeometric τ -functions in Section 4. In Section 5, we find that a class of bilinear equations for the lattice τ -functions yields the contiguity relations for the q-hypergeometric function 8 W 7 . As is well-known, the qhypergeometric function 8 W 7 possesses the W (D 5 )-symmetry [13] . From that, we can construct a set of twelve solutions corresponding to the coset W (D 6 )/W (D 5 ), and describe the action of W D ( 
1) 6
on the set of solutions. One of the important features of the hypergeometric solutions to the continuous and discrete Painlevé equations is that they can be expressed in terms of Wronskians or Casorati determinants [4, 12, 7, 3, 16] . In Section 6, we show that the hypergeometric τ -functions of the q-Painlevé system of type E (1) 7 are expressed by "two-directional Casorati determinants". As a consequence, we get an explicit expression for the hypergeometric solutions to the q-difference Painlevé equation (1.1), which is proposed in Corollary 6.1.
2 The q-Painlevé system of type E (1) 7
The discrete Painlevé system of type E (1) 8
At first, we give a brief review of the formulation for the discrete Painlevé system of type E (1) 8 in terms of the lattice τ -functions [8, 11] .
Ze i be a lattice with a basis {e 0 , e 1 , . . . , e 9 }, and define a symmetric bilinear form , : L × L → Z by e 0 , e 0 = −1, e i , e i = 1 (i = 1, 2, . . . , 9), e i , e j = 0 (i, j = 0, 1, . . . , 9; i = j).
Consider the affine Weyl group W (E 
The lattice L admits a natural linear action of W (E
8 ) defined by s i . Λ = Λ − h i , Λ h i for Λ ∈ L, where h i (i = 0, 1, . . . , 8) are the simple coroots defined by h 0 = e 0 − e 1 − e 2 − e 3 and 3 h i = e i − e i+1 (i = 1, . . . , 8). The canonical central element c = 3e 0 − e 1 − · · · − e 9 is orthogonal to all the simple coroots h i , and hence W (E Zα i is generated by the simple roots α 0 = ε 0 −ε 1 −ε 2 −ε 3 and α i = ε i −ε i+1 (i = 1, . . . , 8). The affine Weyl group W (E (1) 8 ) acts on the coordinate function ε i in a similar way to on the basis e i . The W (E (1) 8 )-invariant element corresponding to c is given by δ = c, · = 3ε 0 − ε 1 − · · · − ε 9 , which is called the null root and plays the role of the scaling constant for difference equations in the context of the discrete Painlevé equations. For simplicity, we denote the reflection s α with respect to the root α = ε ij = ε i − ε j or α = ε ijk = ε 0 − ε i − ε j − ε k for i, j, k ∈ {1, 2, . . . , 9} by s ij or s ijk , respectively. Also, we often use the notation e ij = e i − e j and e ijk = e 0 − e i − e j − e k .
For each α ∈ Q E
(1) 8
, the action of the translation operator T α ∈ W E
is given by [6] 
by using the element h ∈ L such that α = h, · . Note that we have T α T β = T β T α and wT α w −1 = T w.α for any w ∈ W E
. When α = ε ij or ε ijk , we also denote the translation T α simply by T ij or T ijk , respectively. They can be expressed by
Let us introduce a family of dependent variables τ Λ = τ Λ (ε), ε = (ε 0 , . . . , ε 9 ), indexed by Λ ∈ M , where M is the W (E
The action of W E
(1) 8 on the lattice τ -functions τ Λ is defined by w(τ Λ ) = τ w.Λ for any w ∈ W E
. The discrete Painlevé system of type E (1) 8 is equivalent to the overdetermined system defined by the bilinear equations
for any mutually distinct indices i, j, k, l ∈ {1, 2, . . . , 9}, as well as their W E . Here, [x] is a nonzero odd holomorphic function on C satisfying the Riemann relation
for any x, y, u, v ∈ C. There are three classes of such functions; elliptic, trigonometric and rational. These three cases correspond to the three types of difference equations, namely, elliptic difference, q-difference and ordinal difference, respectively. The lattice part of W E 
The
Let us propose a formulation for the q-Painlevé system of type E by means of the lattice τ -functions, using by the notation introduced in the previous subsection. A derivation of the formulation is discussed in Appendices.
The q-Painlevé system of type E (1)  7 is a discrete dynamical system defined on a family of rational surfaces parameterized by nine-point configurations on P 2 such that six points among them are on a conic C and other three are on a line L [17] . Here, we set p 1 , p 2 , p 3 , p 4 , p 5 , p 6 ∈ C and p 7 , p 8 , p 9 ∈ L. In what follows, the symbols C and L also mean the index sets C = {1, 2, 3, 4, 5, 6} and L = {7, 8, 9}, respectively. And we often use i, j, k, . . . and r, s as the elements of C and L, respectively. In this setting, the symmetric groups S C 6 = s 12 , . . . , s 56 and S L 3 = s 78 , s 89 naturally act on the configuration space as the permutation of the points on C and L, respectively. Also, the standard Cremona transformation with respect to (p 1 , p 2 , p 7 ) is well-defined as a birational action on the space. They generate the affine Weyl group W (E The action of W (E (1) 7 ) on the lattice τ -functions τ Λ is defined by w(τ Λ ) = τ w.Λ for any w ∈ W E
(1) 7
. The q-Painlevé system of type E (1) 7 is equivalent to the overdetermined system defined by the bilinear equations
for mutually distinct indices i, j, k, l ∈ C and r, s ∈ L, as well as their W (E
7 )-transforms. The superscript C (resp. L) denotes that the τ -function is indexed by Λ ∈ M C (resp. Λ ∈ M L ), and we leave it out when it is unnecessarily. It is possible to fix the function [x] as [x] = e( -invariant and the action of π is given by π :
Since we have ε 127 + ε 12 + 2ε 23 + 2ε 34 + 2ε 45 + ε 56 + (δ − ε 567 ) = δ, the same δ denotes the null root of Q D for i, j, k ∈ C = {1, 2, . . . , 6}, which can be expressed in the form T α = ρw, w ∈ W D The bilinear equations of type (C) n are further classified into two types. The first one is that all of three τ -functions on M n+1 belong to M C (or M L ), which is denoted by (C) r n . The second is that one of three τ -functions on for mutually distinct indices i, j, k ∈ C. The bilinear equations (2.3) are also classified in a similar way into four types, each of which we denote by (A) ′ n , (B) ′ n , (C) ′ n and (D) ′ n to distinguish them from the bilinear equations (2.2). Typical equations are given by
]τ e 9 τ 2e 0 −e 1 −e 2 −e 3 −e 4 −e 9 + (7, 8, 9)-cyclic = 0, (B)
for mutually distinct indices i, j, k, l ∈ C. The bilinear equations (2.4) for mutually distinct indices i, j ∈ C. . Searching for Λ ∈ M −1 such that Λ + e 8 , Λ + e 8 = 0, we find that the lattice τ -functions on M −1 which can pair with τ e 8 are τ e 0 −e i −e 8 , τ 2e 0 −e i −e j −e k −e 7 −e 8 and τ c+e i +e 9 −e 7 for mutually distinct indices i, j, k ∈ C. Any of them can be transformed to τ e 0 −e i −e 8 by an action of W (D 6 ).
Since τ e 8 is invariant under the action of W (D 6 ), we find that one of the pairs of the lattice τ -functions in a bilinear equation of type (A) 0 can be transformed to τ e 8 τ e 0 −e i −e 8 by an action of W D (1) 6 . Note that three pairs of the lattice τ -functions in a bilinear equation have a common barycenter. Therefore, the bilinear equations of type (A) 0 including the term τ e 8 τ e 0 −e i −e 8 are reduced to to each other. The proof for the other types of bilinear equations is given in a similar way.
From this lemma and similar consideration for the bilinear equations (3.2) and (3.3), we immediately get the following proposition.
Proposition 3.1. Fix n ∈ Z. Let us discuss the relationships among the above types of bilinear equations.
All the bilinear equations of type (A) n can be transformed by the action of W D

Proposition 3.2. If the lattice τ -functions satisfy all the bilinear equations of type (B)
n , then they also satisfy those of type (A) n ; that is,
Similarly, we have
Moreover, if τ Λ = 0 for Λ ∈ M n−1 , we have the following:
Proof . It is sufficient to verify the statement for a certain n ∈ Z. The first and second statements are easily verified for the case of n = 0. [ε jk ]τ e 9 τ 2e 0 −e i −e j −e k −e 8 −e 9 = [ε ik9 ]τ e 0 −e k −e 8 τ e 0 −e i −e j − [ε ij9 ]τ e 0 −e j −e 8 τ e 0 −e i −e k .
Multiplying both right and left-hand sides by τ e 8 and using the first equation of (3.1), we get
which is equivalent to the third equation of (3.1).
Also, by not difficult but tedious procedure, we get the following propositions.
Proposition 3.3. If the lattice τ -functions satisfy all the bilinear equations of type (B)
d n , then they also satisfy those of type (A) d n ; that is,
Similarly, if τ Λ = 0 for Λ ∈ M n−1 , we have the following:
Proposition 3.4. If the lattice τ -functions satisfy all the bilinear equations of type (C)
i n , then they also satisfy those of type (C) ′ n ; that is,
The construction of the τ -functions on M 0 Hereafter, we construct the hypergeometric τ -functions for the q-Painlevé system of type E by imposing the following boundary condition
and τ Λ 0 = 0 for any Λ 0 ∈ M 0 . In this section, we discuss the construction of the τ -functions on the lattice M 0 . First, let us consider the following bilinear equations of type (
]τ e 9 τ 2e 0 −e 1 −e 2 −e 3 −e 4 −e 9 + (7, 8, 9)-cyclic = 0,
+ τ e 8 τ 2e 0 −e 1 −e 2 −e 3 −e 4 −e 8 − τ e 9 τ 2e 0 −e 1 −e 2 −e 3 −e 4 −e 9 = 0. (4.
2)
The boundary condition (4.1) leads us to
All the bilinear equations of type (A) 0 , (A) for mutually distinct indices i, j, k, l ∈ C. These are reduced to [ε 79 ]τ e j τ e 0 −e i −e j = [ε ij9 ]τ e 7 τ e 0 −e i −e 7 , τ e i τ e 0 −e i −e 7 = τ e j τ e 0 −e j −e 7 , -transforms for constructing the hypergeometric τ -functions on M 0 .
Let us consider a pair of non-zero meromorphic functions (G(x), F (x)) satisfying the difference equations G(x + δ) = ǫ [x] G(x) and F (x + δ) = G(x)F (x) with a constant ǫ ∈ C * . When Im δ > 0, a typical choice of such functions is given by
(1 − uq i+j ) and ǫ = −1. For other choices of (G(x), F (x), ǫ), see Appendix in [14] . In what follows, we fix a triplet (G + (x), F + (x), ǫ + ) with a constant factor ǫ + , namely we have
Also, we introduce a pair of functions (G − (x), F − (x)) by the relations
Note that these functions satisfy the difference equations
Moreover, we consider a triplet of functions (A + (x), B + (x), C + (x)) defined by the difference equations
where a, b, c and α are the complex constants satisfying e(2αδ + 4b + 2c) = (−1) ω+1 and (−1) ω+1 ǫ 2 + e(αω + 2a) + d C e(5b + 3c) = 0. A typical example of such functions is given by A + (x) = e(δα
2 ). Also, we introduce the functions A − (x), B − (x) and C − (x) by the relations
where κ (a) ij is the sign factor defined by κ on the functions τ (a;±) Λ 0 (ε) is described as follows:
, we have τ
2. For any permutation σ ∈ S 6 , we have τ
3. Take two mutually distinct indices i, j ∈ C.
, where b is an index such that {a, b} = {i, j}.
The action of the central element w
Proof . The first and second statements are obvious from the definition of τ (a;±) Λ 0 (ε). The third statement is guaranteed by the relations (4.7) and (4.10). Since we have
one can verify the fourth statement by using the relations (4.7) and (4.10). 
6 ).
Let S be a label set defined by S = {(a ; ǫ) | a ∈ C, ǫ = ±1}. By using the difference equations (4.6), (4.8) and (4.9), one can verify that the family of functions {τ Before discussing the construction of the hypergeometric τ -functions on M n for n ∈ Z ≥1 , we mention those on M n for n ∈ Z <0 . Lemma 4.1. For any fixed n ∈ Z <0 , we have τ Λn (ε) = 0 for any Λ n ∈ M n under the conditions (4.1) and (4.3).
5 The construction of the τ -functions on M 1
In this section, we construct the hypergeometric τ -functions on M 1 . We find that a class of bilinear equations for the lattice τ -functions yields the contiguity relations for the q-hypergeometric function 8 W 7 [5, 1] . As is well-known, the q-hypergeometric function 8 W 7 possesses the W (D 5 )-symmetry [13] . From that, we can construct a set of twelve solutions corresponding to the coset W (D 6 )/W (D 5 ), and describe the action of W (D (1) 6 ) on the set of solutions.
The q-hypergeometric function 8 W 7 and its transformation formula
Fix a complex number q with 0 < |q| < 1. Let us consider the basic hypergeometric function a 0 ; a 1 , . . . , a 5 ; q, z) defined by (1.2). It is well-known that this function admits the transformation formula [5, 1] 8 W 7 (a 0 ; a 1 , a 2 , a 3 , a 4 , a 5 ; q, z with respect to the coordinate transformation
In this form, the function is manifestly invariant under the permutation of the parameters a 1 , . . . , a 5 . Assume that Im δ > 0. We relate the variables a i to ε j by 
we see that this action leads us to the above transformation formula for 8 W 7 .
Let us introduce the function µ (6) (ε) that is invariant under the action of the symmetric group S 5 = s 12 , s 23 , s 34 , s 45 ⊂ S 6 and satisfies
where g + (x) is given by G + (x) = g + (x) (u; q) ∞ with u = e(x) and q = e(δ). The relation (5.2) means that the function
is invariant under the action of s 457 .
Then, we see that the function It is also known that the q-hypergeometric function Φ (6) = 8 W 7 satisfies the following contiguity relations [5, 1] (
where
Noticing that the action of translation operators T i7 ∈ W D (i ∈ C) on the variables a i (i = 0, 1, . . . , 5) is given by
we see that the contiguity relations (5.4) and (5.5) can be rewritten as
respectively, for j, k ∈ C 6 . Similarly, the contiguity relations (5.6) and (5.7) are expressed by
respectively, for k ∈ C 6 . Let us introduce the function Ψ (6) (ε) by i,j∈C 6 ; i<j
where the right-hand side is the W (D 5 )-invariant function (5.3). We see that the function Ψ (6) (ε) is S 5 -invariant and satisfies the relation i,j∈{1,2,3}; i<j
Suppose that the correction factor µ (6) (ε), introduced in the previous subsection, satisfies the difference equation µ (6) ( T i7 (ε)) = (−1) ω µ (6) (ε) (i ∈ C). Then both of the contiguity relations (5.8) and (5.10) yield
for j, k ∈ C. Similarly, we see that (5.9) and (5.11) are reduced to
for j, k ∈ C. It is easy to see that the function Ψ (a) (ε) (a ∈ C 6 ) defined by Ψ (a) (ε) = Ψ (6) (s a6 (ε)) satisfies the same contiguity relations as those for Ψ (6) (ε).
Proposition 5.1. Each of the functions Ψ (a) (ε) (a ∈ C) satisfies the contiguity relations
for mutually distinct indices j, k ∈ C.
Here, we give a remark on choice of the correction factor µ (6) (ε). The function µ (6) (ε) in the form
where ν (6) (ε) is a W (D 5 )-invariant function, is manifestly S 5 -invariant and satisfies the relation (5.2). Due to g + (x+δ) = −ǫ + e(− 1 2 x)g + (x), what we have to do is to find a W (D 5 )-invariant function ν (6) (ε) satisfying the difference equations
It is easy to see that the function ν (6) (ε) in the form
where ϕ i (x) (i = 1, 2, 3) are arbitrary functions, is W (D 5 )-invariant. When ϕ i (x) (i = 1, 2, 3) satisfy ϕ i (x + δ) = e(α i x + β i )ϕ i (x) with α 3 = 2α 1 − α 2 , 8α 1 + 4α 2 = 1 and ǫ
−2
+ e((α 1 − α 2 )δ + α 2 ω + (−4β 1 + 5β 2 + β 3 )) = 1, the function ν (6) (ε) satisfies the difference equations (5.14). A typical choice of them is given by ϕ i (x) = e(α i δ x/δ 2 + β i x/δ). It is possible to determine µ (6) (ε) according to the choice of the functions ϕ i (x) (i = 1, 2, 3) and G + (x). We have proposed some examples of the functions G + (x) and F + (x) in Appendix of [14] .
(1) 7 15 
Twelve solutions
Hereafter, we denote Ψ (a) (ε) by Ψ (a;+) (ε). Since the action of the central element w c ∈ W (D 6 ) on the variables a i (i = 0, 1, . . . , 5) is given by w c (a i ) = q/a i , the application of w c to the contiguity relations (5.12) and (5.13) leads us to
whereΨ (a;+) (ε) = Ψ (a;+) (w c (ε)). Let us introduce the function Ψ (a;−) (ε) by
where the functions A ′ + (x), B ′ + (x) and C ′ + (x) are expressed in terms of A + (x), B + (x) and C + (x), introduced in the previous section, by
the factors E (a;+) (ε) and G (a;+) (ε) satisfy the difference equations
for i ∈ C, and we get e(2αδ + 4b + 2c) = (−1) ω+1 and e(αω + 2a) = e(5b + 3c). Thus, we find that each of the functions Ψ (a;−) (ε) satisfies the contiguity relations
which are the same as those for Ψ (a;+) (ε).
Theorem 5.1. Each of the twelve functions Ψ(ε) = Ψ (a;±) (ε) gives rise to the solution of the contiguity relations
From these contiguity relations, one can get the q-hypergeometric equation of the second order. The functions Ψ (a;±) (ε) coincide with the twelve pairwise linearly independent solutions to the q-hypergeometric equation constructed by Gupta and Masson [2] .
Furthermore, we introduce the function E (a;−) (ε) by
respectively. By construction, we have the following proposition.
Proposition 5.2. The action of W (D 6 ) on the functions Ψ (a;±) (ε) is described as follows:
1. For any permutation σ ∈ S 6 , we have Ψ (a;±) (σ(ε)) = Ψ (σ(a);±) (ε).
Take two mutually distinct indices
(a) If a / ∈ {i, j}, then
where b is an index such that {a, b} = {i, j}.
The action of the central element w
The set of twelve functions Ψ (a;±) (ε) corresponds to the coset W (D 6 )/W (D 5 ), as we will see below. Note that |W (D 6 )/W (D 5 )| = 12.
The τ -functions on M 1
Here, we construct the functions τ Λ 1 (ε) (Λ 1 ∈ M 1 ) on the basis of the discussion in the previous subsections. The bilinear equations to be considered are of type (
and (D) d 1 , since the functions τ Λ 0 (ε) (Λ 0 ∈ M 0 ) are already known. It is easy to get the following lemma. From this lemma, we see that it is sufficient for constructing the hypergeometric τ -functions on M 1 to consider the bilinear equations of type (C) d 0 .
Definition 5.1. For each Λ 1 ∈ M 1 , we define the twelve functions τ (5.15) where
and Ψ (a;±) Λ 1 (ε) = Ψ (a;±) (ε + e, Λ 1 δ).
Theorem 5.2. The action of W D
( 1) 6 on the functions τ (a;±) Λ 1 (ε) is described as follows:
For any translation operator T ∈ W D
(1) 6
(σ(ε)).
Take two mutually distinct indices
The action of the central element w
Proof . The first and second statements are obvious from the definition of τ 
is stabilized by W (D 6 ) 1 . For each label (a; ±) ∈ S, the isotropy subgroup of τ for mutually distinct indices i, j ∈ C. Substituting (4.11) and (5.15) into (5.16), we get for Ψ (a;±) (ε) the linear relation
Similarly, the application of the central element w c ∈ W (D 6 ) to the bilinear equation (5.16) leads us to
for mutually distinct indices i, j ∈ C. These are precisely the contiguity relations in Theorem 5.1. Also, the set of functions {τ 
(ε).
When the label η ∈ S is fixed, one can express b i (i = 1, 2, . . . , 8) and t in terms of the parameters of the q-hypergeometric function 8 W 7 . On the other hand, another expression for the Riccati solution has been proposed in [10] , which is constructed under the condition b 1 b 3 = b 5 b 7 ; that is, ε 358 ∈ Z. Comparing this with the condition (4.3), we find that these two expressions can be transformed to each other by a Bäcklund transformation.
A determinant formula for the hypergeometric τ -functions
One of the important features of the hypergeometric solutions to the continuous and discrete Painlevé equations is that they can be expressed in terms of Wronskians or Casorati determinants [4, 12, 7, 3, 16] . In this section, we show that the hypergeometric τ -functions on M n (n ∈ Z ≥2 ) are expressed by "two-directional Casorati determinants" of order n.
Let us introduce the auxiliary variables x i (i = 0, 1, . . . , 6) by x 0 = δ − ε 78 and x i = 1 2 ε ii9 (i ∈ C), where we have x 0 + x 1 + · · · + x 6 = 2δ + 2ω. Under the conditions (4.1) and (4.3), the functions τ Λ (ε) depend on x i (and ω). In what follows, we denote the hypergeometric τ -functions by τ Λ (x) instead of by τ Λ (ε) for convenience. Also, we denote a function f (η) (x) (η ∈ S) by f (η; x).
For each n ∈ Z ≥0 , we define the twelve functions K n (η; x) = K (a;±) n (x) by the following "two-directional Casorati determinants" 2,3,4) , and Ψ(η; x) is the hypergeometric function multiplied by some normalization factors, introduced in Section 5.2 and 5.3. The first some members of K n (η; x) are given as follows:
, where we omit the label η ∈ S for simplicity, and Ψ
jr)
. By using Jacobi's identity, one can easily see that each of the functions K n (η; x) satisfies the relation
Definition 6.1. For each n ∈ Z ≥0 , we define the twelve functions τ n (η; x) by τ n (η; x) = Υ n (η; x)K n (η; x). The normalization factor Υ n (η; x) = Υ (a;±) n (x) is given by
where the functions F ± (x), A ± (x), B ± (x) and C ± (x) are introduced in Section 4. The factor c n (x) is defined by Proposition 6.1. We have the following bilinear relation
This proposition is easily verified by noticing that the normalization factor Υ n (η; x) satisfies the relation
Definition 6.2. For each Λ n ∈ M n (n ∈ Z), we define the twelve functions τ Λn (η; x) by We show below that the functions τ Λn (η; x) are precisely the hypergeometric τ -functions on M n . As a preparation, let us define the action of W D on the label set S = {(a, ǫ) | a ∈ C, ǫ = ±1}. 2. The action of any permutation σ ∈ S 6 is defined by σ : (a; ±) → (σ(a); ±).
3. Take two mutually distinct indices i, j ∈ C. If a / ∈ {i, j}, then s ij7 : (a; ±) → (a; ±). Otherwise, we have s ij7 : (a; ±) → (b; ∓), where b is an index such that {a, b} = {i, j}.
4. The action of the central element w c is defined by w c : (a; ±) → (a; ∓).
Theorem 6.1.
1.
For each η ∈ S, the family of functions {τ Λ (η; x)} Λ∈M E 7 satisfies all the bilinear equations for the q-Painlevé system of type E
7 under the conditions (4.1) and (4.3). 2. For each n ∈ Z, the action of W D (1) 6 on the set of functions {τ Λn (η; x) | η ∈ S, Λ n ∈ M n } is described by τ w.Λn (w(η); x) = τ Λn (η; w(x)) for any w ∈ W D Let us verify the first statement. We consider the bilinear equations 
where L m,n = m(m + n)c + me 89 (m ∈ Z), which are of type (B) ′ 2m and (B) ′ 2m+1 , respectively. Substituting (6.2), we see that these bilinear equations are satisfied thanks to (6.1) .
In order to verify the second statement of Theorem 6.1, we use the following lemma.
Lemma 6.1. Suppose that the functions τ Λ n−1 (η; x) and τ Λn (η; x) satisfy all the bilinear equations of type (D) ′ n and (C) ′ n−1 , and that we have the relations τ w.Λ n−1 (w(η); x) = τ Λ n−1 (η; w(x)) and τ w.Λn (w(η); x) = τ Λn (η; w(x)) for any w ∈ W (D 6 ). Then the function τ Λ n+1 (η; x) determined by the bilinear equation (6. 3) or (6.4) also satisfies τ w.Λ n+1 (w(η); x) = τ Λ n+1 (η; w(x)) for any w ∈ W (D 6 ).
Proof . From the assumption, we have the bilinear relations
n (η; x) + (1, 2, 3)-cyclic = 0, (6.5)
n (η; x) + (3, 4, 5)-cyclic = 0, (6.6) and the relations τ n−1 (w(η); x) = τ n−1 (η; w(x)) and τ n (w(η); x) = τ n (η; w(x)) for any w ∈ W (D 6 ) = s 12 , s 23 , s 34 , s 45 , s 56 , s 127 . What we have to do is to show that the function τ n+1 (η; x) determined by the recurrence relation (6.1) also satisfies
for any w ∈ W (D 6 ). It is obvious that we have (6.7) for w = s 12 , s 34 , s 56 and s 127 under the assumption. Then, it is sufficient to verify (6.7) for w = s 23 and s 45 . Replacing x by x = s 23 (x) in the recurrence relation (6.1), we get
where η = s 23 (η). Then, the bilinear equation (6.5) yields τ n+1 ( η; x) = τ n+1 (η; x). Similarly, replacing x by x = s 45 (x) in the recurrence relation (6.1), we get
where η = s 45 (η). From the bilinear relations (6.6), we get τ n+1 ( η; x) = τ n+1 (η; x).
We already have τ w.Λ 0 (w(η); x) = τ Λ 0 (η; w(x)) and τ w. With respect to the system of q-difference equations (1.1), one can get the explicit expression for the hypergeometric solutions in terms of the functions τ n (η; x) introduced in Definition 6.1. When the label η ∈ S is fixed, one can express b i (i = 1, 2, . . . , 8) and t in terms of the parameters of the q-hypergeometric function 8 W 7 . For instance, in the case of η = (6; +) ∈ S, we have the following.
Corollary 6.1. Define the functions f n (x) and g n (x) by
and t = (a 1 /a 2 ) 1/2 . Then, f = f n (x) and g = g n (x) with b i = b i,n give rise to a solution of the system of q-difference equations (1.1).
A The q-Painlevé system of type E
A.1 Point configurations and Cremona transformations
As mentioned in Section 2, the q-Painlevé system of type E
7 is a discrete dynamical system defined on a family of rational surfaces parameterized by nine-point configurations on P 2 such that six points among them are on a conic C and other three are on a line L [17] . In this section, we set p 1 , p 2 , p 4 , p 5 , p 6 , p 7 ∈ C and p 3 , p 8 , p 9 ∈ L so that the standard Cremona transformation with respect to (p 1 , p 2 , p 3 ) is well-defined as a birational action on the configuration space. One can parameterize the configuration space by [17, 9] 
where u 1 , u 2 , . . . , u 9 are parameters satisfying u 1 u 2 · · · u 9 = q −1 (q ∈ C * ) and the tenth column denotes the coordinates of a general point on P 2 . The symmetric group S C 6 × S L 3 with S C 6 = s 12 , s 24 , s 45 , s 56 , s 67 and S L 3 = s 38 , s 89 naturally acts on the space as σ(u j ) = u σ(j) for any Hypergeometric τ -Functions of the q-Painlevé System of Type E
23
The coordinates u ij can be expressed by
where y C i (u) and y L i (u) are defined by
respectively. We further normalize X (or Y ) by an action of P GL 3 (C) as respectively. These expressions with (A.1) and (A.2) give us for j = 8, 9. We find that these expressions satisfy w(v ij )(ε) = v ij (w(ε)) for any w ∈ W E
(1) 7 , namely (A.8) and (A.9) give a solution to the first equation of (A.5). Also, we see that the functions satisfy z i (w(ε); t) = R w i (ε; z(ε; t)) for any w ∈ W E
. This means that each of (A.10) and (A.11) provides a one-parameter family of solutions to the second equation of (A.5). These solutions will be called the canonical solution, which correspond to the vertical solution in the context of the differential Painlevé equations.
A.2 The lattice τ -functions and the bilinear equations
Here, we introduce a framework of the lattice τ -functions and show that the action of the extended affine Weyl group W (E (1) 7 ) is transformed into the bilinear equations for the lattice τ -functions.
Recall that the lattice τ -functions for the discrete Painlevé system of type E
8 are indexed by Λ ∈ M = W E (1) 8
. e 1 = { Λ ∈ L | Λ, Λ = 1, c, Λ = −1 } [8] . Let us decompose the central element c = 3e 0 − e 1 − e 2 − · · · − e 9 into two irreducible components by [17] c = D C + D L , D C = 2e 0 − e 1 − e 2 − e 4 − e 5 − e 6 − e 7 , D L = e 0 − e 3 − e 8 − e 9
corresponding to the conic C and the line L. Then, we have two W (E
7 )-orbits
. e 3 , which are transformed by the action of the Dynkin diagram automorphism π ∈ W E
to each other. Hereafter, we consider the lattice τ -functions for i, j ∈ C, which associates with the line passing through the point p 9 . The factor d L corresponds to the irreducible component of the anti-canonical devisor D L = e 0 − e 7 − e 8 − e 9 , and is invariant under the action of W E
. The action of the Dynkin diagram automorphism π on this bilinear equation gives us the second equation in (2.4) with d C = π(d L ).
One can get another representation W E
